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ABSTRACT. Let K be a field, m and n positive integers, and X = {xi,... ,x n }, 
and Y = {yi, . . . ,ym} sets of independent variables over K. Let A be the localized 
polynomial ring K\X\(xy We prove that every prime ideal P in A = i£"[[.X"]] that 
is maximal with respect to P n A = (0) has height n — 1. We consider the mixed 
power series/polynomial rings B := K[[X]] [Y](x,Y) an< i C := -^M(Y) [P^]]- F° r 
each prime ideal P of _B = C that is maximal with respect to either P C\ B = (0) or 
P n C = (0), we prove that P has height n + m — 2. We also prove each prime ideal 
P of if [[X, Y]] that is maximal with respect to P n if [[X]] = (0) is of height either 
m or n + m — 2. 



1. Introduction and Background. 

Let (R, m) be a Noetherian local integral domain and let R denote the m-adic 
completion of R. The generic formal fiber ring of R is the localization (R \ (0))~ 1 R 
of R. The formal fibers of R are the fibers of the morphism Spec R — > Spec -R; for a 
prime ideal P of i?, the formal fiber over P is Spec( (Pp / PRp) <S>_r P ). The formal 
fibers encode important information about the structure of P. For example, the 
local ring P is excellent provided it is universally catenary and has geometrically 
regular formal fibers [2, (7.8.3), page 214]. 

Let P <^-> S be an injective homomorphism of commutative rings. If P is an inte- 
gral domain, the generic fiber ring of the map P <S is the localization (P\(0)) _1 <S 
of iS. In this article we study generic fiber rings for "mixed" polynomial and power 
series rings over a field. More precisely, for K a field, m and n positive integers, 
and X = {xi, . . . , x n } and Y = {yi, . . . , y m } sets of variables over K, we consider 
the local rings A := K[X] (X) , B := K[[X]] [Y] (X ,Y) and C := K[Y] {Y )[[X}], as well 
as their completions A = K[[X]] and B = C = K\\X, Y]]. Notice that there is a 
canonical inclusion map B C. 
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We have the following local embeddings. 

A := K[X] (X) ^ A:= K[[X]], A ^ B = C = K[[X, Y]} and 
B := K[[X\] [Y] {XtY) ^C:= K[Y] {Y) [[X\] ^B = C = K[[X]} [[Y]]. 

Matsumura proves in [7] that the generic formal fiber ring of A has dimension 
n — 1 = dim A — 1, and the generic formal fiber rings of B and C have dimension 
n + m — 2 = dimB — 2 = dimC — 2. However he does not address the question of 
whether all maximal ideals of the generic formal fiber rings for A, B and C have 
the same height. If the field K is countable, it follows from [3, Prop. 4.10, page 36] 
that all maximal ideals of the generic formal fiber ring of A have the same height. 

In answer to a question raised by Matsumura in [7], Rotthaus in [10] establishes 
the following result. Let n be a positive integer. Then there exist excellent regular 
local rings R such that dimi? = n and such that the generic formal fiber ring of 
R has dimension t, where the value of t may be taken to be any integer between 
and dimi? — 1. It is also shown in [10, Corollary 3.2] that there exists an excellent 
regular local domain having the property that its generic formal fiber ring contains 
maximal ideals of different heights. 

Let T be a complete Noetherian local ring and let C be a finite set of incomparable 
prime ideals of T. Charters and Loepp in [1] (see also [6, Theorem 17]) determine 
necessary and sufficient conditions for T to be the completion of a Noetherian 
local domain T such that the generic formal fiber of T has as maximal elements 
precisely the prime ideals in C. If T is of characteristic zero, Charters and Loepp 
give necessary and sufficient conditions to obtain such a domain T that is excellent. 
The finite set C may be chosen to contain prime ideals of different heights. This 
provides many examples where the generic formal fiber ring contains maximal ideals 
of different heights. 

Our main results may be summarized as follows. 

1.1 Theorem. With the above notation, we prove that all maximal ideals of the 
generic formal fiber rings of A, B and C have the same height. In particular, we 
prove: 

(1) If P is a prime ideal of A maximal with respect to P n A = (0), then 
ht(P) = n-l. 
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(2) If P is a prime ideal of B maximal with respect to P n B = (0), then 
ht(P) = n + m - 2. 

(3) If P is a prime ideal of C maximal with respect to P n C = (0), then 
ht(P) = n + m - 2. 

(4) In addition, there are at most two possible values for the height of a maximal 
ideal of the generic fiber ring (A \ (0)) _1 C of the inclusion map A <^-> C . 

(a) If n > 2 and P is a prime ideal of C maximal with respect to 
Pf)A= (0), iftera either htP = n + m- 2 orhtP = m. 

(b) If n = 1, then all maximal ideals of the generic fiber ring 
(A \ (0)) _1 C have height m. 

We were motivated to consider generic fiber rings for the embeddings displayed 
above because of questions related to [4] and [5] and ultimately because of the 
following question posed by Melvin Hochster. 

1.2 Question. Let R be a complete local domain. Can one describe or somehow 
classify the local maps of R to a complete local domain S such that U~ l S is a field, 
where U = R \ (0), i.e., such that the generic fiber of R <^-> S is trivial? 

Hochster remarks that if, for example, R is equal characteristic zero, one obtains 
such extensions by starting with 

(1.2.1) R = K[[ Xl ,...,x n ]]^T = L[[x 1 ,...,x n ,y 1 ,...,y m ]}^T/P = S, 

where K is a subfield of L, the Xi,yj are formal indeterminates, and P is a prime 
ideal of T maximal with respect to being disjoint from the image of R \ {0}. Of 
course, such prime ideals P correspond to the maximal ideals of the generic fiber 
(R\(0))-'T. 

In Theorem 7.2, we answer Question 1.2 in the special case where the extension 
arises from the embedding in (1.2.1) with the field L = K. We prove in this case 
that the dimension of the extension ring S must be either 2 or n. 

In [5] we study extensions of integral domains R ^ S such that, for every 
nonzero Q G Spec S, we have Q n R / (0). Such extensions are called trivial 
generic fiber extensions or TGF extensions in [5] . One obtains such an extension 
by considering a composition R <^-> T — ► T/P = S, where T is an extension ring 
of R and P € SpecT is maximal with respect to P n R = (0). Thus the generic 
fiber ring and so also Theorem 1.1 give information regarding TGF extensions in 
the case where the smaller ring is a mixed polynomial/power series ring. 
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In addition, Theorem 1.1 is useful in the study of (1.2.1), because the map in 
(1.2.1) factors through: 

R = K[[x 1 ,. . .,x n ]} ^ K[[x u . . .,x n ]] [yi, . . . ,y m ] ^ T = L[[x u . . . ,z n ,yi, . . .,y„]]. 

Section 2 contains implications of Weierstrass' Preparation Theorem to the prime 
ideals of power series rings. We first prove a technical proposition regarding a 
change of variables that provides a "nice" generating set for a given prime ideal P 
of a power series ring; then in Theorem 2.3 we prove that, in certain circumstances, 
a larger prime ideal can be found with the same contraction as P to a certain 
subring. In Sections 3 and 4, we prove parts 2 and 3 of Theorem 1.1 stated above. 
In Section 5 we use a result of Valabrega for the two-dimensional case. We then 
apply this result in Section 6 to prove part 1 of Theorem 1.1, and in Section 7 we 
prove part 4. 

2. Variations on a theme of Weierstrass. 

In this section, we apply the Weierstrass Preparation Theorem [12, Theorem 5, 
page 139, and Corollary 1, page 145] to examine the structure of a given prime 
ideal P in the power series ring A = K[[X|], where X = {x\, . . . ,x n } is a set of 
n variables over the field K. Here A = K[X]( X ) is the localized polynomial ring 
in these variables. Our procedure is to make a change of variables that yields a 
regular sequence in P of a nice form. 

2.1 Notation. By a change of variables, we mean a finite sequence of 'polynomial' 
change of variables of the type described below, where X = {x\, . . . , x n } is a set of 
n variables over the field K. For example, with a, f\ € N, consider 

Xi h-> xi + x^ 1 = zi, x 2 i-> x 2 + = z 2 , . . . , 

Xn— 1 1 ^ X n — 1 -|- X n Z n —\, X n I > X n Z n , 

followed by: 



Z\ = ti, z 2 ^ z 2 + z{ 2 = t 2 , 



Zn—l 1 * Zn— 1 Z\ — tn—lt X n I > Z n + 



Thus a change of variables defines an automorphism of A that restricts to an auto- 
morphism of A. 

We also consider a change of variables for subrings of A and A. For example, if 
A\ = K[x 2 , . . . ,x n ] C A and S = K[[x 2 , . . . ,x n ]] C A, then by a change of variables 
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inside A\ and S, we mean a finite sequence of automorphisms of A and A of the 
type described above on x 2 , ■ ■ ■ ,x n that leave the variable x\ fixed. In this case we 
obtain an automorphism of A that restricts to an automorphism on each of S, A 
and A\. 

2.2 Proposition. Let A := = if[[xi, . . . , x n \] and let P G Spec^4 with 

xi G" P and ht P = r, where 1 < r < n — 1. There exists a change of variables x\ \— > 
z\ := xi (x\ is fixed), x 2 ^ z 2 , ■ ■ ■ , x n t— > z n and a regular sequence /i, . . . , f r G P 
so that, upon setting Z\ = {zi, . . . , z n - r }, Z 2 = {z n - r+ i, ... ,z n } and Z = ZiUZ 2 , 
we have 

fi G X[[Zi]] [z n _ r _|_i, . . . , z n -i] [z n ] is monic as a polynomial in z n 

f 2 G i^[[^i]] [z n _ r+ll . . . , z n _ 2 ] [z n -i] is monic as a polynomial in z n _\, etc 

f r G i^[[Zi]] [z ra _ r _|_i] is monic as a polynomial in z n - r+ \. 

In addition: 

(1) P is a minimal prime of the ideal (/i, . . . , f r )A. 

(2) The (Z 2 )-adic completion of K\\Z^ [Z 2 ]^ is identical to the (f\, . . . ,f r )- 
adic completion and both equal A = K[[X]] = K[[Z]]. 

(3) // P x := P n K[[Zx]] [Z 2 ] (z) , then P X A = P, that is, P is extended from 

K[[Zi\] \Zi\zy 

(4) The ring extension: 

K\\Z{\\ ^ K\\Z X \\ [Z 2 ] {z) /P 1 - K[[Z]]/P 
is finite (and integral). 

Proof. Since A is a unique factorization domain, there exists a nonzero prime ele- 
ment / in P. The power series / is therefore not a multiple of x\, and so / must 
contain a monomial term " with a nonzero coefficient in K. This nonzero 

coefficient in K may be assumed to be 1. There exists an automorphism a : A — > A 
defined by the change of variables: 

ii^xi x 2 i-> *2 := x 2 +x% ... x n - 1 i-» t n -i := x n _i+x^™- 1 x n i-> x„, 

with e2, • • • , e n _i G N chosen suitably so that / written as a power series in the 
variables xi,t 2 , . . . ,t n -i,x n contains a term a n x^™, where s n is a positive integer, 
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and a n G K is nonzero. We assume that the integer s n is minimal among all 
integers i such that a term ax % n occurs in / with a nonzero coefficient a G K; we 
further assume that the coefficient a n = 1. By Weierstrass we have that: 

/ = me, 

where m G if[[a;i, *2? • • • , *n-i]] [%n] is a monic polynomial in x n of degree s n and 
e is a unit in A. Since / G F is a prime element, m G P is also a prime element. 
Using Weierstrass again, every element <? G P can be written as: 

5 = m/t + q, 

where /i G K[[x 1 ,t 2 , ■ ■ ■ ,t„_i,x n ]] = A and g G K[[x 1 ,t 2 , . . . ,t n -i]] [^n] is a poly- 
nomial in x n of degree less than s n . Note that 

K[[x 1 ,t 2 ,...,t n - 1 ]} ^ K[[xi,t 2 ,...,t n - 1 ]] [x n ]/(m) 

is an integral (finite) extension. Thus the ring K[[xi,t 2 , . . . ,t n -i]][x n ]/(m) is 
complete. Moreover, the two ideals (xi, t 2 , . . . , t n _i, m) = (xi, t 2 , . . . , t n _i, a;*") 
and (xi, t 2 , ■ ■ ■ j tn-i-> x n) °f := ^"[[^lj *2> • • • i *n-i]] [ x n] have the same radical. 
Therefore A is the (m)-adic and the (x n )-adic completion of B and P is extended 
from B . 

This implies the statement for r = 1, with /i = m, z„ = x n , Zi = x\, z 2 = 
t 2 , ... , z n _ 1 = t n -t, Z 1 = {x!,t 2 , . . . ,t n -i} and Z 2 = {z n } = {x n }. In particular, 
when r = 1, P is minimal over mA, so P = mA. 

For r > 1 we continue by induction on r. Let Pq := PnK[[x 1: t 2 , . . . , i n _i]]. Since 
m K[[x\,t 2 , . . . ,t n -\]] and P is extended from Bq := K[[xi, t 2 , . . . , t n -\]] [x n ], 
then PnB has height r and ht Pq = r — 1. Since xi ^ P, we have Xi ^ Po, and by 
the induction hypothesis there is a change of variables t 2 i— > z 2 , . . . , i n _i i— > z n -i of 
-RT[[xi, i 2 , • • • j tn-i]] and elements f 2 , . . . , f r G Po so that: 

/ 2 G i^[[xi, z 2 ■ • • , Zn-r]] [zn-r+i,- ■ ■ , Z71-2] [z n -i] is monic in z„_i 

/ 3 G i^[[xi, z 2 . . . , z n _ r ]] [z„_ r+ i, . . . , z n - 3 ] [z n - 2 ] is monic in z„_ 2 , etc 



f r G i^[[xi, z 2 , . . . , z n - r }] {z n _ r+1 } is monic in z n _ r+ i, 
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and f 2 , . . . , f r satisfy the assertions of Proposition 2.2 for Po- 
rt follows that m, f2, ■ ■ ■ , f r is a regular sequence of length r and that P is a 
minimal prime of the ideal (m, / 2 , . . . , f r )A. Set z n = x n . We now prove that m 
may be replaced by a polynomial /i 6 if [[^i, z 2 , ■ ■ ■ , z n -r]] [ z n-r+i, ■ ■ ■ , z n]- Write 

771 = y2 a i Z n, 

i=0 

where the Oj G if [[xi, z 2 , . . . , z n -i]]- For each i < s n , apply Weierstrass to cij and 
/2 in order to obtain: 

ai = fihi + ft, 

where hi is a power series in if [[xi, z 2 , . . . , z n -i\] and qi G if [[xi, z 2 , . . . , Zn-2]] [^n-i] 
is a polynomial in z ra _i. With t/ Sn = 1 = a Sri , we define 

nil = ^ j q i z l n . 

i=0 

Now (mi, f'2, ■ ■ ■ , f r )A = (m, / 2 , . . . , and we may replace m by m\ which is a 
polynomial in z n -\ and z n . To continue, for each i < s n , write: 

q i = S ^b ij z 3 n _ 1 with b i:j £ K[[x 1 , z 2 , . . . , z n _ 2 ]\. 

j,k 

For each b^, we apply Weierstrass to bij and /3 to obtain: 

bij fa hij + qij , 
where € if [[xi, z 2 , • • • , z„_ 3 ]] [z„_ 2 ]. Set 

m 2 = € if[[xi,z 2 ,...,z n _ 3 ]] [z n _ 2 ,z„_i,z n ] 

with g Sji0 = 1- It follows that (m 2 , f 2 , . . . , f r )A = (m, f 2 , . . . , f r )A. Continuing 
this process by applying Weierstrass to the coefficients of z^_ 2 z J n _ 1 zl l and /4, we 
establish the existence of a polynomial /1 € if [[Zi]] [z n - r +i, ■ ■ ■ , z n ] that is monic 
in z n so that (/1, / 2 , • • • , /r)^4 = (m, / 2 , . . . , / r )A Therefore P is a minimal prime 
of (/i,...,/ r )A 
The extension 

ifpiH^ifp!]] [Z 2 ]/(/l,...,/ r ) 
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is integral and finite. Thus the ring if [[Zi]] [Z 2 ]/(fi, . . . , f r ) is complete. This im- 
plies A = K[[x\,Z2, • • • , z n ]] is the (/i, . . . , / r )-adic (and the (Z2)-adic) completion 
of if [[Zi]] [Z 2 ](z) an< i that P is extended from if [[Zi]] [Z 2 ](z)- This completes the 
proof of Proposition 2.2. □ 

The following theorem is the technical heart of the paper. 

2.3 Theorem. Let K be a field and let y and X = {x\, . . . ,x n } be variables over 
if. Assume that V is a discrete valuation domain with completion V = if [[y]] 
and that K[y] C V C if[[y]]. Also assume that the field K{(y)) = K[[y\] [1/y] has 
uncountable transcendence degree over the quotient field Q(V) of V . Set R := 
V[[X]} and R = R = K[[y,X]]. Let P G Speci? be such that: 

(i) P C (X)R (so y£P), and 

(ii) dim(i?/P) > 2. 

Then there is a prime ideal Q E Spec R such that 

(1) PCQC XR, 

(2) dim(i?/Q) = 2, and 

(3) P n R = Q n Rq. 

In particular, P D K[[X]] = Q D K[[X]]. 

Proof. Assume that P has height r. Since dim(i?/P) > 2, we have < r < n — 1. 
If r > 0, then there exist a transformation x\ \— > z\, . . . ,x n \— > z n and elements 
fi, ■ ■ ■ i fr £ P, by Proposition 2.2, so that the variable y is fixed, and 

fi G K[[y, Zi, . . . , z n - r ]} [z n - r+ i,. ..,z n ] is monic in z n , 

fi G if[[y, 2i, . . . , z n - r ]\ [z n - r+ i,. . . , z n -i] is monic in z n -i etc, 

/r G ^[[y, Zl, ■ ■ ■ , Z n -r]} [z n -r+l] ™ monic in Z n -r + l, 

and the assertions of Proposition 2.2 are satisfied. In particular, P is a minimal 
prime of (/i, . . .,f r )R. Let Z x = {zi, . . . , z n - r } and Z 2 = {z n - r+1 , . . .,z n -!,z n }. 
By Proposition 2.2, if D := K[[y, Z x \] [Z 2 ] {z) and P 1 := P n £>, then P X R = P. 

The following diagram shows these rings and ideals. 
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R = K[[y,X]}=K[[y,Z 1 ,Z 2 }} 




P 1 =PDD 



Note that /i, . . . , f r G Pi. Let gi, . . . ,g s G Pi be other generators such that 

A = ■ • -,fr,9i,-- -,g s )D. Then P = P X P = (/i, . . .,f r ,9i,- ■ -,9s)R- For each 
(i) := (ii, . . . G N" and j, with 1 < j < r, 1 < k < s, let a^), denote 
the coefficients in K[[y\] of the /j, so that 

(i)GN" (i)GN" 

Define 

A . = f K\W £ for r > 

1 0, for r = 0. 

A key observation here is that in either case the set A is countable. 

To continue the proof, we consider S := Q(V(A)) n if [[y]], a discrete valuation 
domain, and its field of quotients L := Q(V(A)). Since A is a countable set, the 
field K((y)) is (still) of uncountable transcendence degree over L. Let 72, ... , j n -r 
be elements of if [[y]] that are algebraically independent over L. We define 

T := L( 72 , . . . , 7 n-r) n K[[y\\ and E := Q(T) = L( 72 , . . . , 7 „_ r ). 

The diagram below shows the prime ideals P and Pi and the containments 
between the relevant rings. 
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R = K[[y,Z]] 
P = ({f 3 ,9k})R 



D := K[[y, Z{\\ [Z 2 ] (z) Q(K[[y}}) = K[[y}} [l/y] = K{{y)) 



P 1 = ({f j ,g k })D 




T:=L( l2 ,..., ln _ r )nK[[y}} 

L := Q(S) = Q(V(A)) 

S:= Q(V(A))nK[[y}\ 

Q(V) 




V 

K[y] 

Let P 2 := Pn5[[Zij][Z 2 ] (z) . Since fr,... ,f r , gi ,... ,g s G S^Zj]] [Z 2 ] {z) , we 
have P 2 R = P. Since PC (xi, . . . , x n )R = (Z)R, there is a prime ideal P in L[[Z]] 
that is minimal over P 2 L[[Z}]. Since L[[Z}] is flat over S[[Z]], PnS[[Z]] = P 2 S[[Z]]. 
Note that L[[X]] = L[[Z]] is the (/i, . . . , / r )-adic (and the (Z 2 )-adic) completion of 
L[[Z 1 ]][Z 2 ](z)- In particular, 

L[[Z!]] [Z 2 ]/(/ x , . . . , / r ) = L[[Zx]] p 2 ]]/(/!, . ..,/,) 

and this also holds with the field L replaced by its extension field E. 

Since L[[Z]]/P is a homomorphic image of L[[Z]]/(/i, . . . , f r ), it follows that 
L[[Z]]/P is integral (and finite) over L[[Zi]]. This yields the commutative diagram: 



i^]] [[Z 2 ]]/PE[[Z]} 
(2.3.0) T T 

L^]] — L[M [[Z 2 ]]/P 



GENERIC FIBER RINGS 



11 



with injective integral (finite) horizontal maps. Recall that E is the subfield of 
K((y)) obtained by adjoining 72, • • • , 7n-r- to the field L. Thus the vertical maps 
of (2.3.0) are faithfully flat. 

Let q := (z 2 — 72^1, • • • , z n - r — ^ n - r zi)E\[Zi\] G Spec(£'[[Zi]]) and let W be a 



is a regular sequence in T[[.Z]] the prime ideal W := WnT[[Z]] has height n — 1. Let 
Q be a minimal prime of WK((y))[[Z\] and let Q := Qf\R. Then W = Qf\T[[Z]], 
P C Q C Zi? = XR, and pictorially we have: 



P2 = ({f j ,9k})cS[[Z 1 }} [Z 2 ] {z) 

Notice that q is a prime ideal of height n — r — 1. Also, since if((y))[[Z]] is flat 
over K[[y, Z]] = R, we have htQ = n — 1 and dim(i?/Q) = 2. We clearly have 
P 2 c^nsw [Z 2 ] {z) . 

2.3.1 Claim. qDL[[Zi]] = (0). 

To show this we argue as in [7]: Suppose that 



minimal prime of the ideal (P, q)E[[Z]]. Since 



fl, ■ ■ ■ , fr, Z 2 - K2Zl, ■ ■ ■ , Z n -r ~ ln- r Z\ 



(W)CQcK((y))[[Z}} 




h = ^2 H m € q 



nL[[zi,..., 



where H m € L[z\, . . . , z n - r ] is a homogeneous polynomial of degree m: 



|(i)|=m 



^n — r 

'n — r 1 



12 HEINZER, ROTTHAUS AND WIEGAND 

where (i) := (ii,..., i n - r ) G N n_r , | := i\ + • ■ ■ + i n - r and C(j) G L. Consider 
the ^-algebra homomorphism ir : E[[Z\]] — > defined by 7r(zi) = zi and 

7r(zi) = 7^1 for 2 < i < n — r. Then ker7r = q, and for each m G N: 

7r(iJ m )=7r( 2 c (l) ^... <"_-;)= ^ c (i)7 ^.7^r 

|(i)|=m l(»)l="i 

and 

n(h) = <H m ) = E • ■ -T^r 

m£N meN|(i)|=m 

Since /i G q, 7r(/i) = 0. Since 7r(/i) is a power series in E^zi]], each of its coefficients 
is zero, that is, for each m G N, 

E c (l) 72 2 ---7;-7=0. 

|(i)|=m 

Since the 7j are algebraically independent over L, each c^) = 0. Therefore h = 0, 
and so q n L[[Zi]] = (0). This proves Claim 2.3.1. 

Using the commutativity of the displayed diagram (2.3.0) and that the horizonal 
maps of this diagram are integral extensions, we deduce that (Wni2[[.Zi]]) = q, and 
qDL[[Zi]] = (0) implies WnLpi]] = (0). We conclude that QnS[[Z}] = PnS[[Z}] 
and therefore Q n R = P n Ro- □ 

We record the following corollary. 

2.4 Corollary. Let K be a field and let R = K[[y, X}], where X = {xi, . . . ,x n } 
and y are independent variables over K . Assume P G Speci? is such that: 

(i) P Q (xi, . . . , x n )R and 

(ii) dim(R/P) > 2. 

Then there is a prime ideal Q G Spec R so that 

(1) PCQC (xi,...,x n )R, 

(2) dim(R/Q) = 2, and 

(3) PnK[y} {y) [[X}] = QnK[y} {y) [[X}}. 

In particular, P n if [[xi, . . . , x n ]] = Q H if [[xi, . . . , x n ]]. 

Proof. With notation as in Theorem 2.3, let V = K[y]( y y 

3. Weierstrass implications for the ring B = if [pf]] |Y](x,Y)- 

As before if denotes a field, n and m are positive integers, and X = {x\, . . . ,x n } 
and Y = {yi, . . . ,y m } denote sets of variables over if. Let B := if [[-X - ]] = 
K[[xi,...,x n ]] [yi,...,y m ](x 1 ,...,x n ,y 1 ,...,y m )- The completion of B is B = K[[X,Y\\. 
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3.1 Theorem. With the notation as above, every ideal Q of B = K^X, Y]] maxi- 
mal with the property that Q fl B = (0) is a prime ideal of height n + m — 2. 

Proof. Suppose first that Q is such an ideal. Then clearly Q is prime. Matsumura 
shows in [7, Theorem 3] that the dimension of the generic formal fiber of B is at 
most n + m — 2. Therefore ht Q < n + m — 2. 

Now suppose P G Spec B is an arbitrary prime ideal of height r < n + m — 2 
with P DB = (0). We construct a prime Q G SpecP with P C Q, Q n B = (0), 
and htQ = n + m — 2. This will show that all prime ideals maximal in the generic 
fiber have height n + m — 2. 

For the construction of Q we consider first the case where P % XB. Then there 
exists a prime element / G P that contains a term 9 := ■ ■ ■ y^ , where the ij's 
are nonnegative integers and at least one of the ij is positive. Notice that m > 2 
for otherwise with y = yi we have / G P contains a term y 1 . By Weierstrass it 
follows that f = ge, where g G [[X]] [y] is a nonzero monic polynomial in y and e 
is a unit of B. But g G P and g G B implies P n B ^ (0), a contradiction to our 
assumption that P fl B = (0). 

For convenience we now assume that the last exponent i m appearing in 9 above 
is positive. We apply a change of variables: y m — > t m := y m and, for 1 < t < m, let 
ye — > '■= ye + t m ee , where the are chosen so that /, expressed in the variables 
ti, . . . ,t m , contains a term t^, for some positive integer q. This change of variables 
induces an automorphism of B. By Weierstrass / = gih, where h is a unit in B 
and gi G K[[X, h, . . . , t m -i\] [t m ] is monic in t m . Set Pi = PC\K[[X, ti, . . . , t m -i]]. 
If Pi C XK[[X, ti, . . . , t m -i]], we stop the procedure and take s = m — 1 in what 
follows. If Pi ^ XK[[X,ti, . . . ,i m _i]], then there exists a prime element / G Pi 
that contains a term t^ 1 ■ ■ ■ tm-i^- 1 , where the jVs are nonnegative integers and 
at least one of the jk is positive. We then repeat the procedure using the prime 
ideal Pi. That is, we replace ti, . . . t m -\ with a change of variables so that a prime 
element of Pi contains a term monic in some one of the new variables. After 
a suitable finite iteration of changes of variables, we obtain an automorphism of 
B that restricts to an automorphism of B and maps y\ , . . . , y m t— > z\ , . . . , z m . 
Moreover, there exist a positive integer s < m — 1 and elements gi, ■ ■ ■ g m -s G P 
such that 
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gx € K[[X, Zl , 
g 2 € K[[X,z u 

g m - a G K[[X,z 1 ,. . .,z s ]\ [z s+1 ] is monic in z s+1 , 

and such that, for R s := K[[X, z\,... , z s }] and P s := P H R s , we have P s C Ai? s . 

As in the proof of Proposition 2.2 we replace the regular sequence gx, . . . .g m -: 
by a regular sequence fx, . . . , / m _ s so that: 

/i <E R s [z s+ i, 

/ m _ s G i? s [z s+ i] is monic in z s+ i. 

and {gx, . . . .g m -s)B = (fx, . . . , f m -s)B. 

Let G := Zi, . . . , z s ]] [z s+ i, . .. ,z m ] = R s [z s+1 , ... ,z m ]. By Proposition 

2.2, P is extended from G. Let q := P H G and extend /i, . . . , / m _ s to a gen- 
erating system of q, say, q = (fx, ... , f m - s , hi, ... , h t )G. For integers k, £ with 
1 < k < m — s and 1 < i < t, express the fk and h e in G as power series in 
B = K[[zx]][[z 2 , • • • a]] [[A]] with coefficients in 

/fe = Yl a Hi)U) z 2 ■ • • 4r*f • ■ ■ 4" and ^ = ^ b e{i)U) 4 2 . . . z^x^ . . . x% , 

where a k ^ Kj) , b e ^ Kj) G #[[zi]], 00 = («2, ■ ■ ■ ,4) and (j) = (ji,... The set 

A = {ak(i)(j), be(i)(j)} is countable. We define V := K(z\,A) n -f£T[[zi]]. Then 1/ is 
a discrete valuation domain with completion and K((zx)) has uncountable 

transcendence degree over Q(V). Let V s := ^[[-^, z 2 , . . . , z s ]] C i? s . Notice that 
i? s = V s , the completion of V s . Also fx, ... , f m — s £ V s [z s _|_i, . . . , z m ] C G and 
(fx, ... , f m _ s )G f] R s = (0). Furthermore the extension 

V s := V[[X,z 2 ,.. .,z s ]] ^ V s [z s+l ,. ■ .,z m ]/(fx, ■ ■ . , f m -s) 



z m -x\] [z m \ is monic in z r , 
z m -2\] [z m -i] is monic in z m _i, etc 



. . . , z m \ is monic in z m 

. . . , z m -x] is monic in z m -x, etc 



is finite. Set P :=PDV S . Then P C Xi? s nV, = IV S . 
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Consider the commutative diagram: 

R s := K[[X,Z!,. . .,z s ]} — >R s [[z s+ i,. . . ,z m ]]/(/i,. • • , f m -s) 
(3.1.1) T T 

V s := V[[X,z 2 ,.. .,z s ]] — >V s [z s+ i,. . . ,z m ]/(f 1 , . . .,f m -s) ■ 

The horizontal maps are injective and finite and the vertical maps are completions. 

The prime ideal q := PR a [[z s+1 ,. . . , z m ]]/(f 1 , . . . , fm-s) lies over P s in R s . By 
assumption P s C (X)R S and by Theorem 2.3 there is a prime ideal Q s of P s 
such that P s C Q s C (X)i? s , Q s fl 7 S = P s fl V s = P , and dim(P s /C} s ) = 2. 
There is a prime ideal Q in P s [[z s+1 , . . . , z m ]]/(fi, ... , fm-s) lying over Q s with 
q C Q by the "going-up theorem" [8, Theorem 9.4]. Let Q be the preimage in 
B = K[[X, Z\, . . . , z m ]] of Q. We show the rings and ideals of Theorem 3.1 below. 



B = K[[X,Y}}=K[[X, Zl , 
(q,Q s )5CQ 
P £ XB 



i Z m }] — R s [\z s +l Zm]] 



G :— R s [z s +i, . . . , z m ] 
q:=PnG 

q=({/i,M)G 

/^P s :=K[[X,z x . .. .-.,]] 
P s Q Qs c. R s 



F s :=y[[X,z 2 ,... ,z a ]] 
Pn := P n VL 



V = K[[ Zl ]] 




V:=K(z 1 ,A)r\K[[z 1 ]] 

Then Q has height n + s — 2 + m — s = n + m — 2. Moreover, from diagram 
(3.1.1), it follows that Q and P have the same contraction to F s [z s+ i, . . . , z m }. This 
implies that Q n P = (0) and completes the proof in the case where P £ IB. 

In the case where P C XB, let /ix, • • • , h t € -B be a finite set of generators of 
P, and as above, let £ -^[[^l]] be the coefficients of the /i/s. Consider the 

countable set A = {be(i)(j)} and the valuation domain V := K(zi, A) (~l ^[[^x]]. Set 
Po := P n V[[X, Z2, ■ ■ ■ , z m ]]. By Theorem 2.3, there exists a prime ideal Q of B = 
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zi, . . . , z m ]] of height n + m — 2 such that P C Q and Qny[[X, z 2 , ■ ■ ■ , z m ]] = 
P n V[[X, z 2 , ... , z m ]\ = P . Therefore QnB = (0). This completes the proof of 
Theorem 3.1. □ 

4. Weierstrass implications for the ring C = K[Y]( Y )[[X]]. 

As before K denotes a field, n and m are positive integers, and X = {x±, . . . ,x n } 
and Y = {yi, . . . ,y m } denote sets of variables over K. Consider the ring C = 
> yni\{y 1 ,...,y rn ) [[ x ii ■ ■ ■ > x n]] — K[Y](Y)[[X]]- Then the completion of C is 

C = K[[Y,X}}. 

4.1 Theorem. With notation as above, let Q G SpecC be maximal with the prop- 
erty that Q n C = (0). Then ht Q = n + m - 2. 

Proof. Let B = K[[X}} \Y\ x ,y) C C. If P € SpecC = SpecS and P n C = (0), 
then P H B = (0), so ht P < n + m — 2 by Theorem 3.1. Consider a nonzero prime 
P G Spec C with PnC = (0) and htP = r < ra + m-2. If P C IC then Theorem 
2.3 implies the existence of Q G SpecC with htQ = n + m — 2 such that P C Q 
and QnC= (0). 

Assume that P is not contained in XC and consider the ideal J := (P,X)C. 
Since C is complete in the XC-adic topology, [9, Lemma 2] implies that if J is 
primary for the maximal ideal of C, then P is extended from C. Since we are 
assuming PnC = (0), J is not primary for the maximal ideal of C and we have 
htJ = n + s < n + m, where < s < m. Let W G SpecC be a minimal prime 
of J such that htW = n + s. Let W = W n #[[K]]. Then W = (W ,X)C 
and Wo is a prime ideal of with htWo = s. By Proposition 2.2 applied to 

K"[[y]] and the prime ideal Wq G SpecXffy]], there exists a change of variables 
Y I— > Z with j/i i— > zi, . . . ,y m \— > z m and elements f\, . . . , f s G Wo so that with 
Z x = {zx,... , z m - s ), we have 

/i G if[[^i]] [z m _ s+ i, . . . , z m ] is monic in z m 

/ 2 G [z m _ s+ i, . . . ,z m _i] is monic in z m _i, etc 



/ s G [z m _ s+ i] is monic in z m -s+i- 

Now Zi, . . . , z m _ s , fi, . . . , f s is a regular sequence in = i^[[y]]. Let T 

{t m _ s _l_i, . . . , t m } be a set of additional variables and consider the map: 

tp-.KHZ^TW^Kftzu...,^]] 
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defined by Zj i— > Zj for all 1 < i < m — s and i m _i+i i— > /j for all 1 < i < s. The 
embedding is finite (and free) and so is the extension to power series rings in X: 

p : K[[Z U T}} [[X]] — if [[z 1; . . . , z m ]] [[X]} = C. 

Since G Spec C is of height n+s, so is its contraction p~ 1 (W) G Specif [[Zi, T, X]]. 
Moreover contains (T, X)K[[Zi, T, X]], a prime ideal of height n+s. There- 

fore p^iW) = (T,X)K[[Z 1 ,T,X}}. By construction, P C W which yields that 
P -\P)<Z{T,X)K[[Z U T,X}}. 

To complete the proof we construct a suitable base ring related to C. Consider 
the expressions for the /j's as power series in z 2 , . . . , z m with coefficients in if [[zi]]: 

fj = ^ a j(*) z 2 2 • • • > 

where (i) := (a 2 , ■ ■ ■ , i m ), 1 < J ' < s ) £ -^[[^l]]- Also consider a finite generating 
system #1, . . . , g q for P and expressions for the gk, where 1 < k < q, as power series 
in z 2 , . . . ,z m ,xi,... ,x n with coefficients in if [[zi]]: 

5% = ^ frfc(i)(7) z 2 2 • • • Z% m xl \ ■ ■ ■ 

where (i) := (i 2 ,...,i m ), := (£i,...,£ n ), and 6 fc ( i)W G if[[zi]]. We take the 
subset A = {cij(j), 6fc(i)(£)} of if [[zi]] and consider the discrete valuation domain: 

V:=K{z 1 ,A)r\K[[z 1 ]}. 

Since V is countably generated over if (zi), the field if ((zi)) has uncountable tran- 
scendence degree over Q(V) = if(zi, A). Moreover, by construction the ideal P is 
extended from V[[z 2 , . . . , z m ]] [[X]]. Consider the embedding: 

tp : V[[z2,...,z m - a ,T\] — > V[[z 2 , ■ ■ ■ , z m ]], 

which is the restriction of (p above, so that Zj 1— > z, for all 2 < i < m — s and 
i m _j+i h- > /j for all i with 1 < z < s. 

Let (j be the extension of ip to the power series rings: 

a : V[[z 2 , z m - s ,T}} [[X]} — > F[[z 2 , . . . , z m ]] [[X]] 
with cr(xj) = Xj for all i with 1 < z < n. 
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Notice that p defined above is the completion a of the map a, that is, the 
extension of a to the completions. Consider the commutative diagram: 

K[[Z U T}][[X]] K[[Z]][[X}} = C 

(4.1.0) | 

V[[z 2 ,...,z m . s ,T]][[X}} V[[z 2 ,...,z m ]][[X}} 

where a = p is a finite map. 

Recall thatp" 1 ^) = (T, X)K[[Z U T, X]], and so p'^P) C (T, X)K[[Z U T, X}} 
by Diagram 4.1.0. By Theorem 2.3, there exists a prime ideal Qo of the ring 
K[[Zx,T,X\] such that p~ 1 {P) C Q , htQ = n + m - 2, and 

Qo n V[[Z2, z m - s , T}} [[X]} = P -\P) n V[[z 2 , z m - s ,T\] [[X]}. 

By the "going-up theorem" [8, Theorem 9.4], there is a prime ideal Q G SpecC 
that lies over Qq and contains P. Moreover, Q also has height n + m — 2. The 
commutativity of diagram (4.1.0) implies that 

P 1 :=PnV[[z2,...,z rn - s ,T]}[[X}} C Q 1 :=Qn^ 2) ...,z m _ s ,T]][[I]]. 
Consider the finite homomorphism: 
A : V[[z 2 ,...,z m - B ]] [T] {Zl ,T)[[X]] — > V[[z 2 ,...,z m - B ]] [z m - s+1 , . . . , z m ]( Z) [[X]] 
(determined by tj i— > for 1 < i < m) and the commutative diagram: 

y [[z 2 , . . . , z m _ s ]] [[T]] [[X]] — V[[* 2 , . . . , z m ]\ [[X]] 
V[[z 2 ,...,z m . s ]][T] {ZuT) [[X]} V[[z 2 ,...,z m - S ]][z 

m — s+1 ! ■ • ■ j 

Since Q n F[[z 2 , • • • , V., ^]] [[X]] = Pfl F[[z 2 , . . . , z m _ s , T]] [[X]] and since A 
is a finite map we conclude that 

Qi n%...,2m-J [z m — s+1 j • • • j Z m ](z) [[X]] 

= Pi n V[[z 2 , . . .,z m ]] [z m - s+1 , . . . , z m ]( Z )[[X]]. 

Since C C V[[z 2 , . . . , z m _ s ]] [z m _ s +i, . . . , z m ](z) [[X]], we obtain that Q n C = 
P n C = (0). This completes the proof of Theorem 4.1. □ 
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4.2 Remark. With B and C as in Sections 3 and 4, we have 

B = K[[X]\ [Y] (X}Y) — K[Y] (Y) [[X]} = C and B = K[[X, Y}} = C. 

Thus for P G SpecK[[X,Y}], if P n C = (0), then Pf]B = (0). By Theorems 
3.1 and 4.1, each prime of i^ff-X", V]] maximal in the generic formal fiber of i? or C 
has height n + m — 2. Therefore each P G SpeciTffX, Y"]] maximal with respect to 
PnC = (0) is also maximal with respect to Pf\B = (0). However, if n + m > 3, the 
generic fiber of i? ^ C is nonzero [4], so there exist primes of Y"]] maximal 

in the generic formal fiber of B that are not in the generic formal fiber of C . 

5. Subrings of the power series ring K[[z, t]]. 

In this section we establish properties of certain subrings of the power series 
ring K[[z, t]] that will be useful in considering the generic formal fiber of localized 
polynomial rings over the field K. 

5.1. Notation. Let K be a field and let z and t be independent variables over K. 
Consider countably many power series: 

oo 

Oi(z) = ^OijZ? e K[[z\] 

with coefficients G K. Let s be a positive integer and let uj\, . . . ,u> s G If [[z,i]] 
be power series in z and t, say: 

oo oo 

oJi = ^2 f3ijt j , where (3ij(z) = '^2b ij kZ k e K[[z]} and b ijk G K, 

3=0 k=0 

for each i with 1 < i < s. Consider the subfield K (z, {a{\, {Pij}) of K{(z)) and the 
discrete rank-one valuation domain 

V :=K{z,{a l },{f3 i] })r\K[[ Z }]. 

The completion of V is V = K[[z]]. Assume that uj 1 ,...,uj r are algebraically 
independent over Q(V)(t) and that the elements w r +i, . . . , u s are algebraic over 
the field Q(V)(t, {uji} r i=1 ). Notice that the set U {fiij} is countable, and that 
also the set of coefficients of the and fcj 

A := {aij} U {b ijk } 
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is a countable subset of the field K. Let K denote the prime subfield of K and 
let F denote the algebraic closure in K of the field Ko(A). The field F is count- 
able and the power series and Pij(z) are in F[[z]]. Consider the subfield 
F(z, {cti}, {Pij}) of F((z)) and the discrete rank-one valuation domain 

V := F(z, {a>i}, {/%}) n F[[z]]. 

The completion of V is V = F[[z]]. Since Q(V )(t) C Q(V)(t), the elements 
oji, ... ,u> r are algebraically independent over the field Q(Vo)(t). 

Consider the subfield Eq := Q(Vo)(t, oji, . . . ,u; r ) of Q(Vo[[i]]) and the subfield 
E := Q(y)(t,cji, . . . ,u r ) of Q(F[[i]]). A result of Valabrega [11] implies that the 
integral domains: 

(5.1.1) D :=E r\V [[t]] and D := E C\ V[[t]] 

are two-dimensional regular local rings with completions D = F[[z,t]] and D = 
K[[z,t]], respectively. Moreover, Q(Dq) = E is a countable field. 

5.2 Proposition. Let D be as defined in (5.1). Then there exists a power series 
7 <G zF[[z]] such that the prime ideal (t - ~l)F[[z, t\\ f)D = (0), i.e., (t - j)F[[z, t]] 
is in the generic formal fiber of D . 

Proof. Since D is countable there are only countably many prime ideals in D and 
since D is Noetherian there are only countably many prime ideals in D = F[[z, t]] 
that lie over a nonzero prime of D . There are uncountably many primes in F[[z, t]], 
which are generated by elements of the form t — a for some a G zF[[z]]. Thus there 
must exist an element 7 E zF[[z]] with (t - j)F[[z, t]] n D = (0). □ 

For tOi = LUi(t) = J2fLo ftijt'' as i n (5-1) an d 7 an element of let ^(7) 

denote the following power series in 

00 

^(7) :=E^^[[4 
3=0 

5.3 Proposition. Let D be as defined in (5.1.1). For an element 7 <G Z-K"[[z]] the 
following conditions are equivalent: 

(i) (t- 7 )%t]]nD=(0). 

(ii) The elements 7,0)1(7), . . . ,^(7) are algebraically independent over QiV). 
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Proof, (i) (ii): Assume by way of contradiction that the set {7, u>i (7), . . . , ^(7)} 
is algebraically dependent over Q(V) and let d(j.) € V be finitely many elements 
such that 

Y,d {k) u; 1 (^...oj r ( 1 ) k ^ k ^=0 

(k) 

is a nontrivial equation of algebraic dependence for 7,0^(7), ... , w r (7)> where each 
(k) = (k\ ... ,k r , k r+ i) is an (r + l)-tuple of nonnegative integers. It follows that 

d( k) oJ kl . . . u k H k ^ €(t- j)K[[z, t]]HD = (0). 

(fc) 

Since wi,...,w r are algebraically independent over Q(V)(t), we have d( k ) = for 
all (k), a contradiction. This completes the proof that (i) => (ii). 

(ii) (i): If (t — "f)K[[z,t]] Pi D ^ (0), then there exists a nonzero element 

r = d {k) LU kl . . • u k H k ^ € (t - 7)#[[*, *]] n F[t, wi , . . . , u r ]. 

(fc) 

But this implies that 

r(7) = E (7)* • • • "r(7)S* r+1 = 0. 

(fc) 

Since 7,0*1 (7), ... ,0^(7) are algebraically independent over Q(V), it follows that 
all the coefficients d( k ) = 0, a contradiction to the assumption that r is nonzero. □ 

Let 7 G zF[[z\] be as in Proposition 5.2 with (t - j)F[[z,t]] n D = (0). Then: 

5.4 Proposition. With notation as above, we also have (t — j)K[[z, t]] n D = (0), 
that is, (t — j)K[[z,t]] is in the generic formal fiber of D. 

Proof. Let be a transcendence basis of K over F and let L := F({ti}i e i). 

Then K is algebraic over L. Let {/%} C F[[z]] be as in (5.1) and define 

V 1 =L(z,{a i },{0 ij })nL[[z]] and Di = Q(Vi)(t,ui, ... ,uj r )n L[[z, t]]. 

Then V\ is a discrete rank-one valuation domain with completion L[[z]\ and D\ 
is a two-dimensional regular local domain with completion Di = L[[z,t]]. Note 
that Q(V) and Q(D) are algebraic over Q(V\) and Q(Z)i), respectively. Since 
(t-j)K[[z,t]]nL[[z,t}} = (t-i)L[[z,t]], it suffices to prove that (t-j)L[[z, i]]nl>i = 
(0). By Proposition 5.3, it suffices to show that 7,^1(7), . . . ,0^(7) are algebraically 
independent over Q(V\). The commutative diagram 



22 



HEINZER, ROTTHAUS AND WIEGAND 



nrr 11 {ti }algebraically ind. rr 

> L[[z\\ 



, , transcendence basis {ti} , . 

Q(Vo) ► Q(Vi) 

implies that the set {7,0*1 (7), . . . ,0^(7)} U {ti} is algebraically independent over 

Q(Vo). Therefore {7,^1(7), ■ ■ ■ ,u; r (7)} is algebraically independent over Q{V\), 

which completes the proof of Proposition 5.4. □ 

5.5 Remark. We remark that with w r +i, ■ ■ ■ , w s algebraic over Q(V)(loi, . . . , to r ) 
as in (5.1), if we define 

D:= Q(V)(t,oj 1 ,...,u Js )nV[[t}}, 

then again by Valabrega [11], D is a two-dimensional regular local domain with 
completion ET[[z,t]]. Moreover, Q(D) is algebraic over Q(D) and (t — ^f)K[[z,t]] n 
D = (0) implies that (t - j)K[[z, t]]f)D = (0). 

6. Weierstrass implications for the localized polynomial ring A = K[X]( X )- 
Let n be a positive integer, let X = {x\ , . . . , x n } be a set of n variables over a field 
K, and let A := K[ Xi, ■ ■ ■ , ^n](xi,...,x„) — ^[^1(x) denote the localized polynomial 
ring in these n variables over K. Then the completion of A is A = K[[X]]. 

6.1 Theorem. For the localized polynomial ring A = K[X}^ X ) defined above, if Q 
is an ideal of A maximal with respect to Q n A = (0), then Q is a prime ideal of 
height n — 1 . 

Proof. Again it is clear that Q as described in the statement is a prime ideal. Also 
the assertion holds for n = 1. Thus we assume n > 2. By Proposition 5.4, there 
exists a nonzero prime p in i^[[xi,x 2 ]] such that p n K\x\, X2]( xliX2 ) = (0). It 
follows that pA n A = (0). Thus the generic formal fiber of A is nonzero. 

Let P G Spec A be a nonzero prime ideal with PPiA = (0) and ht P = r < n — 1. 
We construct Q € Spec A of height n - 1 with P C Q and Q C\ A = (0). By 
Proposition 2.2, there exists a change of variables x\ 1— > 21,... ,aj n 1— > z n and 
polynomials 

/1 € K"[[zi, . • • , z n - r \] [z n - r+1 , ...,z n ] monic in z n 

h € ^[[^1, • • -,Zn-r}] [zn-r+i, ■ ■ ■ , z n -i] monic in z^, etc 

/ r G X[[zi, . . . , z n - r \] [zn-r+i] monic in z„- r +i, 
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so that P is a minimal prime of (/i, . . . , f r )A and P is extended from 

R := if [[^i, . . . , £ n -r]] [ z n-r+l, ■ ■ ■ i z n]- 

Let Pq := P n R and extend /i, . . . , f r to a system of generators of Po, say: 

-fo = ■ ■ ■ ,fr,9l, ■ ■ ■ ,9s)R- 
Using an argument similar to that in the proof of Theorem 2.3, write 

fj= a m z 2--- z n and 9k = Yl b k,a)4 2 •••4 n , 

(i)GN™- 1 (i)eN"- 1 

where a jt{i) , b k}{i) G if[[zi]]. Let 

V Q := K{z 1 ,a jM ,b kM ) nif^i]]. 

Then Vo is a discrete rank-one valuation domain with completion if[[zi]], and 
K{(zi)) has uncountable transcendence degree over the field of fractions Q(Vq) 
of Vo- Let 7 3 ,...,7 n _ r G if[[^i]] be algebraically independent over Q(Vq) and 
define 

q := (>3 - 73^2, z A - -y 4 z 2 , z n - r - -y n - r z 2 )K[[z 1 , ... , z n - r ]]. 

We see that q n Vb[[^2) ■ ■ ■ , z ra _ r ]] = (0) by an argument similar to that in [7] and 
in Claim 2.3.1. Let Pi := Vo[[z2, ■ ■ ■ , z ra _ r ]] [z n -r+i, ■ ■ ■ ,z n ], let Pi := P n Pi and 
consider the commutative diagram: 

K[[z 1 ,...,z n . r }]^R/P 

T T 

V [[z 2 ,...,z n _ r ]]^R 1 /P 1 
The horizontal maps are injective finite integral extensions. Let W be a minimal 
prime of (q, P)A. Then ht W = n — 2 and q fl Vb[[z2, . . . , 2 n -r]] = (0) implies that 
W n Pi = Pi. We have found a prime ideal W G Spec A such that ht W = n — 2, 
WnA = (0) and P C W. Since f u . . . , f r G W and since A = K[[z x ,. . . , z n ]\ is the 
(/1, . . . , / r )-adic completion of K [[zi, . . . , z n - r ]] [z n - r+ i, ... ,z n ], the prime ideal W 
is extended from K [[zi, . . . , z n - r ]] [z n _ r+1 , . . . , z n ]. 

We claim that W is actually extended from K [[zi, z 2 ]] [23, . . . , z n \. To see this 
let g G W n K[[zi, z n - r }] [z n - r+1 , ... ,z n ] and write: 

9 = ^2 a(i)4-7+l K[[Zl, • • • , *n-r]] fci-r+l, • • • , Z n ], 

(0 
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where the sum is over all (i) = (i n - r , . . . ,i n ) and G K[[z\, . . . , z n - r ]]. For all 
a (i) by Weierstrass we can write 

= (Zn-r — ln-rZ2)h(i) + <J(i) , 

where G if [[zi, • • • 4- r ]] and G if [[zi, . . . , z n _ r _i]]. If n — r > 3, we write 

Q(i) = (Zn-r-l - 7n-r— lZ2)fo(j) + > 

where G if [[zi, . . . z n _ r _i]] and G if [[zi, . . . , z n - r - 2 ]]. In this way we 
replace a generating set for W in if [[zi, . . . , z n -r]] [z n - r+ i, . . . , z n ] by a generating 
set for W in if [[zi, z 2 \] [z 3 , ...,z n ]. 

In particular, we can replace the elements fi, . . . , f r by elements: 

hi G if [[zi, z 2 ]] [z 3 , . . . , z n ] monic in z n 

h 2 G if [[zi, z 2 ]] [z 3 ,... , Zn-!] monic in z n -i, etc 

K G if [[zi, z 2 ]] [z 3 . . . , z„_ r+ i] monic in z n _ r+ i 

and set h r+ i = z 3 —^/ 3 z 2l . . . , h n - 2 = z n _ r —^ n _ r z 2 , and then extend to a generating 
set hi,... , h n+s - 2 for 

W = WnK[[zi,z 2 }] [z 3 ,... ,z n ] 
such that Wo A = W. Consider the coefficients in if [[zi]] of the hf 

hj = ^2 C j{i) Z 2 • ■ 
(0 

with Cj(j) G if [[zi]]. The set {cj(j)} is countable 

V:= Q(Vo)({c j{i) })nK[[zi}} 

Then F is a rank-one discrete valuation domain that is countably generated over 
if [zi]( Zl ) and W is extended from V[[z2]] [z 3 , ■ • • ,z n \. 

We may also write each hi as a polynomial in z 3 ,...,z n with coefficients in 
V[[z 2 }]: 

h = j2"{i)4 3 



Define 
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with € V[[z2]] C z 2 ]]. By the result of Valabraga [11], the integral 

domain 

D:= Q(V)(z 2 ,{cj {i) })nK[[ Zl ,z 2 ]] 

is a two-dimensional regular local domain with completion D = K[[z\, z 2 ]]. Let 
Wi := WC\D[z 3 , . . . , z n \. Then W\A = W . We have shown in Section 5 that there 
exists a prime element q G -K"[[zi, £2]] with qK [[zi, z 2 ]] H D = (0). Consider the 
finite extension 

D — > D[z 3 , . . . ,z n \jW x . 

Let Q G Spec A be a minimal prime of (q, W)A. Since ht W = n — 2 and q VF, 
ht Q = n — 1. Moreover, P <ZW implies PCQ. We claim that 

Qn%... ,z n ] =Wj and therefore Q n A = (0). 

To see this consider the commutative diagram: 

K[[z 1 ,z 2 }}^ K[[ Z1 ,... ,z n ]]/W 
T T 
D — » ,^]/^i, 
which has injective finite horizontal maps. Since qrKf^i, Z2]] H D = (0), it follows 
that Q fl -D[^3, . . . , z n \ = W\. This completes the proof of Theorem 6.1. □ 

7. Generic fibers of power series ring extensions. 

In this section we apply the Weierstrass machinery from Section 2 to the generic 
fiber rings of power series extensions. 

7.1 Theorem. Let n > 2 be an integer and let y,xi, ... ,x n be variables over the 
field K . Let X = {x±, . . . , x n }. Consider the formal power series ring Ri = K[[X]] 
and the extension R\ i?i[[y]] = R- Let U = R\ \ (0). For P <G Specii such that 
P (~l U = we have: 

(1) If P % XR, then dim R/P = n and P is maximal in the generic fiber U~ 1 R. 

(2) If P Q XR, then there exists Q G Speci? such that PCQ, dim R/Q = 2 
and Q is maximal in the generic fiber U~ 1 R. 

If n > 2 for each prime ideal Q maximal in the generic fiber U~ l R, we have 



dlmR/Q 



n and Ri <^-> R/Q is finite, or 
2 andQ C XR. 



26 HEINZER, ROTTHAUS AND WIEGAND 

Proof. Let P G SpecP be such that Pfl U = or equivalently P n Pi = (0). Then 
Pi embeds in P/P. If dim(P/P) < 1, then the maximal ideal of R\ generates an 
ideal primary for the maximal ideal of R/P. By [8, Theorem 8.4] R/P is finite over 
Ri, and so dimity = dim(P/P), a contradiction. Thus dim(P/P) > 2. 

If P % XR, then there exists a prime element / G P that contains a term y s for 
some positive integer s. By Weierstrass, it follows that / = ge, where g G ^"[[-X"]] [y] 
is a nonzero monic polynomial in y and e is a unit of R. We have /P = gR C P is 
a prime ideal and Pi R/ gR is a finite integral extension. Since P D Ri = (0), 
we must have gP = P. 

If P C XR and dim(P/P) > 2, then Theorem 2.3 implies there exists Q G SpecP 
such that dim(P/Q) = 2, P C Q C XP and P n Pi = (0) = Q n Pi, and so P 
is not maximal in the generic fiber. Thus Q G SpecP maximal in the generic 
fiber of Pi <—* R implies that the dimension of dim(P/Q) is 2, or equivalently that 
htQ = n-l. □ 

7.2 Theorem. Let n and m be positive integers, and let X = {x\,... ,x n } and 
Y = {yij- ■ ■ iVm] be sets of independent variables over the field K. Consider 
the formal power series rings Pi = X[[X]] and R = y]] and the extension 

Pi Pi[[y]] = P. Let U = Pi \ (0). Let Q G SpecP be maximal with respect to 
Q fMI = 0. If n = 1, then dimP/Q = 1 and Pi R/Q is finite. 
If n > 2, there are two possibilities 

(1) Pi <—* R/Q is finite, in which case dim R/Q = dim Pi = n, or 

(2) dim R/Q = 2. 

Proof. First assume n = 1, and let x = x\. Since Q is maximal with respect to 
Q n U = 0, for each P G SpecP with Q C P we have P PI is nonempty and 
therefore x G P. It follows that dimP/Q = 1, for otherwise, 

Q = | P G Spec P and Q C P }, 

which implies x £ Q. By [8, Theorem 8.4], Ri^ R/Q is finite. 

It remains to consider the case where n > 2. We proceed by induction on m. 
Theorem 7.1 yields the assertion for m = 1. Suppose Q £ SpecP is maximal with 
respect to QflC/ = 0. As in the proof of Theorem 7.1, we have dimP/Q > 2. If Q C 
(X,yi,. ■ ■ ,y m -i)R, then by Theorem 2.3 with P = K[y m ] (j/m) [pf, y 1; . . . ,y m -i]], 
there exists Q' G SpecP with Q C Q', dim P/Q' = 2, and Q n P = Q' n P . Since 
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Ri Q Ro, we have Q' fl U = 0. Since Q is maximal with respect to Q Oil = 0, we 
have Q = Q', so dim R/Q = 2. 

Otherwise, if Q % (X, j/i, . . . , y m -i)R, then there exists a prime element f E Q 
that contains a term for some positive integer s. Let R2 = K[[X, y\, ■ ■ ■ , y m -i]}. 
By Weierstrass, it follows that / = ge, where g € i?2[ym] is a nonzero monic 
polynomial in y m and e is a unit of R. We have fR = gR C Q is a prime ideal and 
i?2 ^ R/gR is a finite integral extension. Thus RzKQCiRi) -R/Q is an integral 
extension. It follows that Q D R 2 is maximal in i? 2 with respect to being disjoint 
from f/. By induction dimi?2/(Q H -R2) is either n or 2. Since is integral over 
R 2 /(Q n R 2 ), dim R/Q is either n or 2. □ 

7.3 Remark. In the notation of Theorem 1.1, Theorem 7.2 proves the second part 
of the theorem, since dimi? = n + m. Thus if n = 1, ht Q = m. If n > 2, the two 
cases are (i) ht Q = m and (ii) ht Q = n + m — 2, as in (a) and (b) of Theorem 1.1. 

Using the TGF terminology discussed in the introduction, we have the following 
corollary to Theorem 7.2. 

7.4 Corollary. With the notation of Theorem 7.2, assume P € SpecR is such that 
Ri ^ R/P =: S is a TGF extension. Then dim S = dimi?i = n or dimS 1 = 2. 

References 

[I] P. Charters and S. Loepp, Semilocal generic formal fibers, J. of Alg, 278 (2004), 370-382. 
[2] A. Grothendieck, Element de Geometrie Algebrique IV, Publ. Math. Inst. Hautes Etud. 

Sci. 24, 1965. 

[3] W. Heinzer, C. Rotthaus and J. Sally, Formal fibers and birational extensions, Nagoya 
Math. J. 131 (1993), 1-38. 

[4] W. Heinzer, C. Rotthaus and S. Wiegand, Mixed polynomial /power series rings and re- 
lations among their spectra, preprint. 

[5] W. Heinzer, C. Rotthaus and S. Wiegand, Extensions of local domains with trivial generic 
fiber, preprint. 

[6] S. Loepp, Constructing local generic formal fibers, J. of Alg 187 (1997), 16-38. 

[7] H. Matsumura, On the dimension of formal fibres of a local ring, Algebraic Geometry and 

Commutative Algebra in honor of Masayoshi Nagata, Kinokuniya, Tokyo, 1988, pp. 261- 

266. 

[8] , Commutative ring theory, Cambridge Univ. Press, Cambridge, 1989. 

[9] C. Rotthaus, Komplettierung semilokaler quasiausgezeichneter Ringe, Nagoya Math. J. 
76 (1979), 173-180. 

[10] , On rings with low dimensional formal fibres, J. Pure Appl. Algebra 71 (1991), 

287-296. 

[II] P. Valabrega, On two-dimensional regular local rings and a lifting problem, Annali della 
Scuola Normale Superiore di Pisa 27 (1973), 1-21. 

[12] O. Zariski and P. Samuel, Commutative Algebra II, Van Nostrand, Princeton, 1960. 

Department of Mathematics, Purdue University, West Lafayette, IN 47907-1395 
Department of Mathematics, Michigan State University, East Lansing, MI 48824- 



28 HEINZER, ROTTHAUS AND WIEGAND 

1027 

Department of Mathematics and Statistics, University of Nebraska, Lincoln, NE 
68588-0323 



